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We study a covariant quantization of electromagnetic fields by using an operator
derived from a constant scalar that can be called modified Lorentz gauge. The
quantization can aviod an inconsistency between Lorentz gauge and a commuta-
tion relation, which can eliminate the need for introduction of physical state defined
by a subsidiary condition and auxiliary field in lagrangian density in the Lorentz
gauge. By using this quantization and indefinite metric straightforwardly, all quan-
tum phenomena can be provided without enigmatic and paradoxical “probability
interpretation”.
Keywords: Covariant quantization, Indefinite metric, Lorentz gauge, Electromag-
netic potential
I. INTRODUCTION
In quantum theory, some paradoxes have been acknowledged, which are associated with
relativity typified by “Schro¨dinger’s cat” and “Einstein, Podolsky and Rosen (EPR)”1,2.
In order to solve the paradoxes, the author has reported the alternative interpretation
for quantum theory utilizing quantum field formalism with unobservable potentials3 that
can be identified as “hidden variables” similar to Aharonov-Bohm effect4–6 and rigorous
mathematical treatment using tensor form in keeping with the local representation, i. e.,
consistent with relativity. The interpretation can omit the quantum paradoxes and be
applicable to elimination of infinite zero-point energy, spontaneous symmetry breaking,
mass acquire mechanism, non-Abelian gauge fields and neutrino oscillation, which can lead
to the comprehensive theory.
In addition, the author also shows the existence of the unobservable potentials can ex-
plain the quantum eraser and delayed choice experiment7–10, and the interference between
photons and the unobservable potentials violates Bell’s inequalities11–14 in keeping with the
local representation, which is consistent with relativity15.
However, a sensitive mathematical formalism for quantization procedure has not been
described in the author’s report3,15.
In this letter, the covariant quantization procedure of electromagnetic field In Lorentz
gauge without subsidiary conditions16,17 and auxiliary field is discussed.
II. TRADITIONAL ISSUE IN THE LORENTZ GAUGE
First, we present a general outline of a covariant quantization procedure of electromag-
netic field in Lorentz gauge and need for introduction of auxiliary field and physical state
defined by a subsidiary condition briefly.
Let consider following Maxwell equations in free space.
(
∆− 1
c2
∂2
∂t2
)
A−∇
(
∇ ·A+ 1
c2
∂φ
∂t
)
= 0
(
∆− 1
c2
∂2
∂t2
)
φ+
∂
∂t
(
∇ ·A+ 1
c2
∂φ
∂t
)
= 0 (1)
where A and φ are vector and scalar potentials respectively. By using four-vector
Aµ = (A0, A1, A2, A3) = (φ/c, A) (2)
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and ∂µ = (1/c∂t, 1/∂x, 1/∂y, 1/∂z) ≡ (1/∂x0, 1/∂x1, 1/∂x2, 1/∂x3), we can describe
the Maxwell equation as following covariant form.
Aν − ∂µ∂νAµ = 0 (3)
Where
Aµ = gµνA
ν , Aµ = gµνAν
∂µ = gµν∂
ν , ∂µ = gµν∂ν
gµν = g
µν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 (4)
In order to adopt canonical quantization, the following classical lagrangian density has been
introduced.
£class = −1
4
FµνF
µν ≡ −1
4
(∂µAν − ∂νAµ)(∂µAν − ∂νAµ)
= −1
2
∂µAν∂
µAν +
1
2
∂µAν∂
νAµ (5)
Indeed the following Euler-Lagrange equation gives Maxwell equation (3).
∂µ
∂£class
∂(∂µAν)
− ∂£class
∂Aν
= 0 (6)
However using the lagrangian density (5) lead to lack of canonically conjugate variable pi0.
pi0 =
∂£class
∂A˙0
= 0 (7)
By contrast, the other canonically conjugate variables pii, i = (1, 2, 3) can be obtained as
follows.
pii =
∂£class
∂A˙i
= −1
4
∂
∂A˙i
(F0iF
0i)
= −1
4
∂
∂A˙i
((∂0Ai − ∂iA0)(∂0Ai − ∂iA0)
+(∂iA0 − ∂0Ai)(∂iA0 − ∂0Ai))
= ∂iA0 − ∂0Ai (8)
Therefore we can not formulate quantum electrodynamics in an explicitly covariant way
using the lagrangian density (5). Then a number of fixing gauge conditions have been
introduced. Well-known gauges are Coulomb gauge ∇·A = 0 and Lorentz gauge ∂µAµ = 0.
Because Coulomb gauge spoils the explicit covariance due to A0 = 0, fixing the Lorentz
gauge has been examined by using following lagrangian density.
£0 = −1
4
FµνF
µν − 1
2
(∂ρA
ρ)2 (9)
When we use the lagrangian density (9), Maxwell equation in Lorentz gauge can be obtained
from Euler-Lagrange equation (6).
Aν = 0 (10)
Here the action integral of (5) is as follows.
S ≡
∫
d4x£class
=
∫
d4x(−1
2
∂µAν∂
µAν +
1
2
∂µAν∂
νAµ) (11)
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The second term of the above integral is calculated to be 1
2
(∂µA
µ)2 by partial integration.
Then the lagrangian density (9) which derives Maxwell equation (10) can be calculated to
be following lagrangian density.
£
′
0 = −
1
2
∂µAν∂
µAν (12)
The canonically conjugate variables can be obtained by using this lagrangian density as
follows .
piµ =
∂£′0
∂A˙µ
= −A˙µ (13)
According to the traditional procedure, we replace the fields with operators and set the
following equal-time commutation relations
[Aµ(x, t), piν(x′, t)] = −[Aµ(x, t), A˙ν(x′, t)]
= igµνδ3(x− x′) (14)
[Aµ(x, t), Aν (x′, t)] = [piµ(x, t), piν (x′, t)] = 0 (15)
However (14) and (15) derive the following relations.
[∂µA
µ(x, t), Aν(x′, t)] = ig0νδ3(x− x′) 6= 0 (16)
Hence (16) is inconsistent with Lorentz gauge ∂µA
µ = 0 as an operator.
Then some other lagrangian densities have been proposed. The following lagrangian with
auxiliary scalar field B, which is called Nakanishi-Lautrup formalism, will be the most
comprehensive form18.
£NL = −1
4
FµνF
µν +B∂µAµ +
1
2
αB2 (17)
Where α is an arbitrarily real parameter. The inconsistency between Lorentz gauge ∂µA
µ =
0 and (16) can be avoided by using the lagrangian (17), introduction of physical states |phys〉
and a restriction of Lorentz gauge in terms of the physical states defined by a subsidiary
condition, i.,e, 〈phys|∂µAµ|phys〉 = 0.
III. MODIFIED LORENTZ GAUGE
The approach using (17) seems to be an artificially imposed mathematical technique by
introducing an unreal physical field B and unphysical man-made mathematical formality
called “subsidiary condition”. In addition, the approach has been introduced for avoidance
of negative norm as premises for “probability interpretation”. However the author has been
discussed in reference3,15 that the negative norm is indispensable in real nature (reality)
and the “probability interpretation” is not justified in real nature except only for mixed
states, i. e., statistical sense.
In this section, we discuss the lagrangian density (12) and Maxwell equation in Lorentz
gauge (10) again. It is to be noted that Lorentz gauge is dispensable for deriving (10).
Indeed (10) is derived from lagrangian density (9) or (12) independently of Lorentz gauge.
Alternatively the following condition is indispensable from (3).
∂µ∂
νAµ = 0 (18)
Hence from Lorentz invariance
∂µA
µ = ε(constant scalar) (19)
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This condition (we call this “modified Lorentz gauge”) also has the following gauge invari-
ance of (3) by introducing an arbitrary scalar function χ.
A′µ = Aµ + ∂µχ (20)
Although this replacement has been well known, we can imagine that four-vectors Aµ move
on the bias vectors ∂µχ such as signal components of an operational amplifier in an electric
circuit or surface wave of the sea.
By choosing χ = 0, (19) can be obtained repeatedly as follows.
∂µA
′µ = ∂µA
µ +χ = ∂µA
µ = ε (21)
Hence
Aµ = AµL + f
µ (22)
where AµLand f
µ = fµ(x, t) are a general solution of Lorentz gauge, i.e., ∂µA
µ
L = 0, and a
linear formula as a function of x, t with ∂µf
µ = ε respectively. The most common linear
formula fµ is the same as a coordinate transformation in form described as follows.
fµ = β(aµνxν + b
µ) (23)
where β is a constant for fixing the appropriate dimension. Therefore
ε = β(a00 + a11 + a22 + a33) = βTr(aµν) (24)
Then we replace the fields and ε with operators, (16) will be satisfied as follows.
[∂µA
µ(x, t), Aν(x′, t)] = [εˆ, Aν(x′, t)]
= ig0νδ3(x− x′) 6= 0 (25)
where εˆ in (25) is not a c-number but a q-number (operator).
DISCUSSION
We discuss the validity of (25). The specific form of the operators are unknown. Hence
we will show one example of [∂µA
µ, A] = [εˆ, A] ≡ εˆA−Aεˆ 6= 0 in an intuitive manner. The
intuitive representation matrices of the annihilation, creation operators (a, a†) and number
states vectors |n〉 will be described as follows respectively.
a =


0 1 0 0 · · ·
0 0
√
2 0 · · ·
0 0 0
√
3 · · ·
0 0 0 0 · · ·
...
...
...
...
. . .


, a† =


0 0 0 0 · · ·
1 0 0 0 · · ·
0
√
2 0 0 · · ·
0 0
√
3 0 · · ·
...
...
...
...
. . .


(26)
|0〉 =


1
0
0
0
...

 , |1〉 =


0
1
0
0
...

 , |2〉 =


0
0
1
0
...

 , |3〉 =


0
0
0
1
...

 , · · · (27)
The operator of four-vector potentials will be intuitively described by using a and a† as
follows if we recognize the a and a† are correspond to the Fourier coefficients of the plane
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wave solution of A.
A ∝ a+ a† =


0 1 0 0 · · ·
1 0
√
2 0 · · ·
0
√
2 0
√
3 · · ·
0 0
√
3 0 · · ·
...
...
...
...
. . .


(28)
When εˆ = εI, where I is an identity matrix or operator, the operator εˆ just serve as the
constant scalar ε, i. e., [εˆ, A] = ε[I, A] = ε(IA−AI) = 0.
In contrast, here we assume following form,
εˆ =


ε00 0 0 0 · · ·
0 ε11 0 0 · · ·
0 0 ε22 0 · · ·
0 0 0 ε33 · · ·
...
...
...
...
. . .


(29)
where Tr(εˆ) = Σεii = ε by using the analogy of (24). We have set all the off-diagonal
elements to 0 for simplicity. Therefore we can calculate
[εˆ, A] ≡ εˆA−Aεˆ
=


0 ε00 0 0 · · ·
ε11 0
√
2ε11 0 · · ·
0
√
2ε22 0
√
3ε22 · · ·
0 0
√
3ε33 0 · · ·
...
...
...
...
. . .


−


0 ε11 0 0 · · ·
ε00 0
√
2ε22 0 · · ·
0
√
2ε11 0
√
3ε33 · · ·
0 0
√
3ε22 0 · · ·
...
...
...
...
. . .


=


0 ε00 − ε11 0 · · ·
ε11 − ε00 0 √2(ε11 − ε22) · · ·
0
√
2(ε22 − ε11) 0 · · ·
...
...
...
. . .


(30)
Hence if at least one εii(i > 0) satisfies εii 6= εi±1i±1 then [εˆ, A] 6= 0.
Note that we should investigate whether the operator εˆ derived from a constant scalar
(24) can be described as (29) instead of εI. If the description is valid, Lorentz gauge might
also satisfies the commutation relations (16) with Tr(0ˆ) = Σ0ˆii = 0 where 0ˆ ≡ ∂µAµ(x, t) as
an operator and each 0ˆii is not necessarily 0. Because the dimension of the representation
matrices will be infinity, then Tr(0ˆ) or Tr(εˆ) will be a kind of delta function. Because it
seems to be physically unnatural that Aµ is directly proportional to coordinate values like
(22), applying Lorentz gauge is preferable to applying (19) if the description is valid.
IV. CONCLUSIONS
We have presented a considerable potential for resolving the difficulty raised in a covariant
quantization of electromagnetic fields in Lorentz gauge by studying the operators derived
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from constant scalar. The presented quantization procedure does not need subsidiary con-
dition, physical states and auxiliary field, which seems to be physically unnatural. If the
description discussed in this paper by using the constant scalar operator is valid, we can
consider Lorentz gauge becomes ∂µA
µ 6= 0 as an operator. Therefore Lorentz gauge can be
used without inconsistency between Lorentz gauge and commutation relation.
1J.D. Trimmer, Proceedings of the American Philosophical Society 124(5), 323 (1980)
2A. Einstein, B. Podolsky, N. Rosen, Phys. Rev 47, 777 (1935)
3M. Morimoto, Journal of Computational and Theoretical Nanoscience 14(8), 4121 (2017). URL
http://www.ingentaconnect.com/content/asp/jctn/2017/00000014/00000008/art00067
4Y. Aharonov, D. Bohm, Phys. Rev. 115, 485 (1959). doi:10.1103/PhysRev.115.485. URL
http://link.aps.org/doi/10.1103/PhysRev.115.485
5A. Tonomura, T. Matsuda, J. Endo, T. Arii, K. Mihama, Phys. Rev. Lett. 44, 1430 (1980). doi:
10.1103/PhysRevLett.44.1430. URL http://link.aps.org/doi/10.1103/PhysRevLett.44.1430
6A. Tonomura, H. Umezaki, T. Matsuda, N. Osakabe, J. Endo, Y. Sugita, Phys. Rev. Lett. 51, 331 (1983).
doi:10.1103/PhysRevLett.51.331. URL http://link.aps.org/doi/10.1103/PhysRevLett.51.331
7P.K. Rachel Hillmer, Scientific American (5), 9095 (2007). doi:10.1038/scientificamerican0507-90. URL
http://www.nature.com/scientificamerican/journal/v296/n5/full/\scientificamerican0507-90.html
8J.F. Clauser, M.A. Horne, Physical review D 10(2), 526 (1974)
9Y.H. Kim, R. Yu, S.P. Kulik, Y. Shih, M.O. Scully, Phys. Rev. Lett. 84, 1 (2000). doi:
10.1103/PhysRevLett.84.1. URL http://link.aps.org/doi/10.1103/PhysRevLett.84.1
10S.P. Walborn, M.O. Terra Cunha, S. Pa´dua, C.H. Monken, Phys. Rev. A 65, 033818 (2002). doi:
10.1103/PhysRevA.65.033818. URL http://link.aps.org/doi/10.1103/PhysRevA.65.033818
11J.S. BELL, Rev. Mod. Phys. 38, 447 (1966). doi:10.1103/RevModPhys.38.447
12A. Aspect, P. Grangier, G. Roger, Physical review letters 47(7), 460 (1981)
13A. Aspect, J. Dalibard, G. Roger, Physical review letters 49(25), 1804 (1982)
14D. Salart, A. Baas, J.A.W. van Houwelingen, N. Gisin, H. Zbinden, Phys.
Rev. Lett. 100, 220404 (2008). doi:10.1103/PhysRevLett.100.220404. URL
http://link.aps.org/doi/10.1103/PhysRevLett.100.220404
15M. Morimoto, Progress In Electromagnetics Research M 62, 111 (2017). doi:10.2528/PIERM17082201.
URL http://www.jpier.org/PIERM/pier.php?paper=1708220
16S.N. Gupta, Proceedings of the Physical Society. Section A 63(7), 681 (1950). URL
http://stacks.iop.org/0370-1298/63/i=7/a=301
17K. Bleuler, Helv. Phys. Acta 23, 567 (1950). URL https://www.e-periodica.ch/cntmng?pid=hpa-001:1950:23::949
18N. Nakanishi, Progress of Theoretical Physics Supplement 51, 1 (1972). doi:10.1143/PTPS.51.1. URL
http://dx.doi.org/10.1143/PTPS.51.1
